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ABSTRACT: A method for reducing a pendulum’s spatial oscillations by variations in its

length is found. This strategy is obtained by casting the problem as an optimal control

problem. The pendulum’s governing equations are deduced and using these equations

the oscillation energy of the pendulum is found. The problem becomes a variational

problem with constraints in which a functional which represents the oscillation energy

of the pendulum is to be minimized. Using Pontryagin’s Principle, efficient solutions

are found. Finally, the effectiveness of the found strategies is illustrated graphically;

analytical and numerical comparisons are made. Unlike the planar oscillation case, the

energy cannot be made arbitrarily small.
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1 Introduction

The control of the angular oscillations of a variable length pendulum has
been treated from different points of view. For a pendulum with planar or
two-dimensional oscillations, heuristic strategies can be deduced directly from the
governing equations (Delgado et al., 2010). These strategies consist in enlarging its
length when the mass reaches its maximum speed and reducing its length when
it reaches its minimum speed. For a three-dimensional pendulum, due to the
complexity of the equations, it is difficult to propose heuristic strategies.
There is abundant work relating the control of the length-variable planar pendulum.
Bressand and Rampazzo (1993) and Sira (1999) made a first approach to the
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problem using lagrangian dynamics. Stilling and Szyszkowski (2002), explained the
phenomenon by using the Coriolis inertia force and examined the energy variation
during an oscillation cycle. In Akulenko and Nesterov (2009), periodic modes of
small pendulum oscillations are constructed to determine the limits of the regions
of stability and instability of the lower position of equilibrium. The phenomenon
is explained by solving periodic boundary value problems of eigenvalues and
eigenfunctions. Delgado et al. (2010) casted the problem as a variational problem
with constraints. They deduce the pendulums governing equations, using these
equations they find the pendulum’s oscillation energy and a functional to minimize.
Using the Pontryagin’s Principle, they find optimal solutions to this problem.

This work is motivated by the paper of Delgado et al. (2010), in which, efficient
strategies were found to control the oscillations of a planar pendulum. The spatial
case is as important as the planar case. In this sense, we will adequate the ideas
and methods used there to be applied for the spatial case. We will, when required,
refer to that paper like the “planar pendulum case”, therefore the structure of this
paper will conserve the structure of the previous one.
In section 2, related theory used is briefly shown. In sections 3 and 4, the description
and solution to the problem are shown. Numerical results are, in section 5. Finally
the conclusions and future work related to this problem are described.

2 Theory related to pendulum system

2.1 Governing equations

Figure 1 - Energy and oscillation angle of a pendulum with a variable length.

Let the following scheme be that of a pendulum system in three dimensions
with a variable length Figure 1. The equations related to this system can be found
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using Newton’s second law F = m.a, where m is the pendulum’s mass, a is the
acceleration. In vector form, we have:

m(0, 0, g)− T (sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ)) =

m(l sin(ϕ) cos(θ), l sin(ϕ) sin(θ), l cos(ϕ))′′. (1)

Calculating the first derivative and equating components:

−T sin(ϕ) cos(θ) = (l′ sin(ϕ) cos(θ) + l cos(ϕ)ϕ′ cos(θ)− l sin(ϕ) sin(θ)θ′)′

−T sin(ϕ) sin(θ) = (l′ sin(ϕ) sin(θ) + l cos(ϕ)ϕ′ sin(θ) + l sin(ϕ) cos(θ)θ′)′

g − T cos(ϕ) = (l′ cos(ϕ)− l sin(ϕ)ϕ′)′.

Calculating the second derivative and simplifying:

2l′ sin(ϕ)θ′ + l sin(ϕ)θ′′ + 2l cos(ϕ)ϕ′θ′ = 0. (2)

−T sin(ϕ) = l′′ sin(ϕ) + 2l′ cos(ϕ)ϕ′ + l cos(ϕ)ϕ′′ − l sin(ϕ)(ϕ′)2 − l sin(ϕ)(θ′)2. (3)

g − T cos(ϕ) = l′′ cos(ϕ)− 2l′ sin(ϕ)ϕ′ − l cos(ϕ)(ϕ′)2 − l sin(ϕ)ϕ′′. (4)

These three equations are the governing equations of the system. Notice that if
we make θ = 0, i.e, if we eliminate the rotation angle on the plane xy, the last
two equations remain, which represent the governing equation of a two dimensional
pendulum. Also, in the two dimensional planar case, if we can control l we can
eliminate one of the three equations, multiplying (3) by cos(ϕ) and (4) by − sin(ϕ)
and adding them:

g sin(ϕ) = −2l′ϕ′ + l sin(ϕ) cos(ϕ)(θ′)2 − lϕ′′. (5)

Finally, the governing equations of the system, knowing l, are given by the equations
(2) and (5).

2.2 Euler lagrange equations

A simple variational problem can be formulated as follows. Let F (x, y, z) be
a function with first and second continuous partial derivatives. For all continuous
differentiable functions y(x), with a ≤ x ≤ b that satisfy y(a) = A, y(b) = B, the

problem is to find the extremum of the J(y) =
∫ b

a
F (x, y, y′)dx.

If we increment y(x) by h(x), a condition for which the function y(x)+h(x) satisfies
the boundary conditions is h(a) = h(b) = 0. The increment in J , consequent to
that in y(x), is:

∆J = J(y + h)− J(y) =

∫ b

a

[F (x, y + h, y′ + h′)− F (x, y, y′)]dx.
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Using Taylor’s theorem we have

∆J =

∫ b

a

[Fy(x, y, y
′)h+ Fy′(x, y, y′)h′]dx+ ...

Where Fy and Fy′ are the partial derivatives, and the ellipsis denotes the terms of
higher order than 1 with respect to h and h′. The integral in the last equation is the
linear part of ∆J , called the variation of J(y). A necessary condition for y = y(x)
to be an extrem point of J is that:

δJ =

∫
[Fyh+ Fy′h′]dx = 0,

for all admissible functions h, which implies that

Fy −
d

dx
Fy′ = 0.

This last result is called Euler equation. Then we have proved that if J(y) is a
functional of the form

J(y) =

∫ b

a

[F (x, y, y′)dx,

defined in a set of functions y(x) with continuous first derivatives in [a, b] and
satisfying the boundary conditions y(a) = A and y(b) = B, a necessary condition
for J(y) to have an extremum at y(x) is that y(x) satisfies the Euler equation. The
solutions of the Euler equation are called extremals. We now consider a problem
of a different type, a variational problem with subsidiary conditions, which can be
stated as follows. Find the functions y(x), z(x) for which the functional:

J [y, z] =

∫ b

a

[F (x, y, z, x′, y′, z′)dx,

has an extremum, where the admissible functions satisfy boundary conditions and
the constraint

c(x, y, z, y′, z′) = 0.

We then have the following theorems whose proofs can be found in Hsu and Meyer
(1968).

Theorem 2.1 Given a functional of the form

J [y, z] =

∫ b

a

F (x, y, z, y′, z′)dx,

where y = y(x) and z = z(x) must satisfy the constraint

c(x, y, z) = 0,
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and the boundary conditions

y(a) = A1, y(b) = B1, z(a) = A2, z(b) = B2.

Let (y∗(x), z∗(x)) be an extremal of J . If cy and cz do not cancel simultaneously in
some point of the manifold defined by c(x) = 0, then there exists a function λ(x),
such that (y∗(x), z∗(x)) is an extremal of the functional∫ b

a

[F + λ(x)c]dx,

i.e; it satisfies the Euler equations:

Fy + λcy −
d

dx
Fy′ = 0; Fz + λcz −

d

dx
Fz′ = 0.

This theorem can be generalized to n functions fi(i = 1, 2, ..., n), k restrictions
ci(i = 1, 2, ..., k) and higher derivatives, as a particular case.

Theorem 2.2 Given a functional of the form

J [y, z] =

∫ b

a

F (x, y, z, y′, z′, y′′, z′′)dx,

where y = y(x) and z = z(x) must satisfy the constraint

c(x, y, z, y′, z′, y′′, z′′) = 0,

and the boundary conditions

y(a) = A1, y(b) = B1, z(a) = A2, z(b) = B2.

Let (y∗(x), z∗(x)) be an extremal of J . If cy and cz do not cancel simultaneously
in some point of the manifold defined by c(x) = 0, then there exist a function λ(x),
such that (y∗(x), z∗(x)) is an extremal of the functional∫ b

a

[F + λ(x)c]dx,

i.e; it satisfies the Euler equations.

Φy −
d

dx
Φy′ = 0; Φz −

d

dx
Φz′ = 0,

where Φ = F + λ(x)c.
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2.3 Functional energy for the spatial pendulum

As in the planar pendulum’s case, let’s find an alternative equation involving
the oscillation energy of the system and a functional J to minimize. The potential
energy of the system is given by EP = gl(1− cos(ϕ), where l = l(t), ϕ = ϕ(t). For
the kinetic energy let’s find the velocity of the pendulum. The displacement of the
pendulum is given by:

f(t) = (l sin(ϕ) cos(θ), l sin(ϕ) sin(θ), l cos(ϕ)),

then, finding the velocity: v(t) =

(l cos(ϕ)ϕ′ cos(θ)− l sin(ϕ) sin(θ)θ′, l cos(ϕ)ϕ′ sin(θ) + l sin(ϕ) cos(θ)θ′,− sin(ϕ)ϕ′).

Notice that, as in the planar case, the oscillation energy does not consider the
derivatives of l. The kinetic energy of the pendulum is given by EC = 1/2 <
f ′(t), f ′(t) >. Calculating the inner product we obtain

EC =
1

2
(l2ϕ′ + l2 sin2(ϕ)(θ′)2).

Therefore the oscillation energy of the pendulum is given by:

ET = gl(1− cos(ϕ)) +
1

2
l2(ϕ′)2 +

1

2
l2 sin2(ϕ)(θ′)2. (6)

Using the equations (2) y (5), let’s find a new equation involving the energy of the
system and a functional to minimize. Taking the derivative of ET :

(ET )′ = gl(1− cos(ϕ)) + gl sin(ϕ)ϕ′ + ll′(ϕ′)2 + l2ϕ′ϕ′′

+ ll′ sin2(ϕ)(θ′)2 + l2 sin(ϕ) cos(ϕ)ϕ′(θ′)2 + l2 sin2(ϕ)θ′θ′′,

using (2) we get

(ET )′ = gl′(1− cos(ϕ)) + gl sin(ϕ)ϕ′ + ll′(ϕ′)2 + l2ϕ′ϕ′′ +
1

2
l2 sin2(ϕ)θ′θ′′,

using (5) we get

ET =

∫ T

0

gl′(1− cos(ϕ))− ll′(ϕ′)2 + l2 sin(ϕ) cos(ϕ)(θ′)2ϕ′ +
1

2
l2 sin2(ϕ)θ′θ′′dt

= gl|T0 +

∫ T

0

−gl′ cos(ϕ)− ll′(ϕ′)2 + l2 sin(ϕ) cos(ϕ)(θ′)2ϕ′ +
1

2
l2 sin2(ϕ)θ′θ′′dt.

If we consider, as it’s done for the planar case l(0) = l(T ), then we obtain a
functional representing the energy of the pendulum:

ET =

∫ T

0

−gl′ cos(ϕ)− ll′(ϕ′)2 + l2 sin(ϕ) cos(ϕ)(θ′)2ϕ′ +
1

2
l2 sin2(ϕ)θ′θ′′dt. (7)

The equations for θ(t), ϕ(t), l(t) that minimize (7), subject to (2) and (5), are the
Euler equations given in theorem 2. As in the planar pendulum’s case, we get a
non-linear second order differential equations system for θ, ϕ, l, λ, without initial
conditions for λ, a difficult system to solve.
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3 Pontryagin’s principle and optimal control

The Pontryagin’s principle is a result for optimal control problems where the
control can be a discontinuous bounded function. This principle allows us to find
extremals for a functional of the form:

J =

∫ T

0

F0(x, u, t)dt, (8)

subject to

x′
i = Fi(x, u, t) i = 1, 2, ..., n, (9)

where
x = (x1(t), x2(t), ..., xn(t))

u = (u1(t), u2(t), ..., um(t)),

and t is a time variable.
Using theorem 2 and Lagrange multipliers λi we build the new functional

J∗ =

∫ T

0

F0 +
n∑

i=1

λi(Fi − x′
i)dt. (10)

An extremal for (8) subject to (9) is an extremal for J∗, i.e. the functions x(t) and
u(t) that satisfy the Euler equations for J∗. We define

H = F0 +

n∑
i=1

λiFi, (Hamiltonian) (11)

assuming that F0 and Fi do not depend explicitly on t, i.e.
H = H(x, u, λ). Now we have:

J∗ =

∫ T

0

H −
n∑

i=1

λix
′
idt. (12)

The Euler equations associated with (12) for variables xi are:

∂H

∂xi
− d

dt
(−λi) = 0. (13)

Solving, we have:

λ′
i = −∂H

∂xi
i = 1, 2, ..., n. (14)

We don’t consider the control uj in equation (13) because uj could be discontinuous.
Instead we consider the effect on the functional when small changes in the control
occur. In this case if we consider

∆J∗ = J∗(x, u+ δu, λ)− J∗(x, u, λ),
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we have

∆J∗ =

∫ T

0

m∑
j=1

[H(x;u1, u2, ..., uj + δuj , ..., um;λ)−H(x, u, λ)]dt.

In order for u to become the optimum in (10) we need that ∆J∗ ≥ 0 for each
admissible control u+ δu.
Then we have:

H(x;u1, u2, ..., uj + δuj , ..., um;λ) ≥ H(x, u, λ),

for each admissible δuj and j = 1, 2, ...,m. For an optimum control, H is minimized
with respect to control variables u1, u2, ..., um. Now we can enunciate Pontryagin’s
principle.

Theorem 3.1(Pontryagin’s Principle) Given a functional

J =

∫ t2

t1

F0(x, u, t)dt,

where F0 is continuous function by parts in u and:

x = (x1(t), x2(t), ..., xn(t))

u = (u1(t), u2(t), ..., un(t)).

Given a control function u∗, t1 ≤ t ≤ t2 with its corresponding trajectory x∗(t)
subject to

x′
i = Fi(x, u, t) (i = 1, 2, ..., n),

where Fi is continuous by parts with respect to u, a necessary condition to minimize
the functional J is that a non-null continuous function λ(t) must exist such that for
each time t, the Hamiltonian is minimized in the optimum control with respect to
another control. i.e.

H(x, u∗, t, λ) ≤ H(x, u, t, λ).

.
Then, applying this principle to our problem; finding an strategy to control the

oscillations of a spacial pendulum by variations of the pendulum’s length consists
in minimizing the functional

J =

∫ T

0

−gl′ cos(ϕ)− ll′(ϕ′)2 + l2 sin(ϕ) cos(ϕ)(θ′)2ϕ′ +
1

2
l2 sin2(ϕ)θ′θ′′dt, (15)

where l = l(t), ϕ = ϕ(t), θ = θ(t) satisfy the constraints (2), (5) and α ≤ l ≤ β.
From (5) we have that

l′ =
1

2ϕ′ (l sin(ϕ) cos(ϕ)(θ
′)2 − lϕ′′ − g sin(ϕ)).
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Replacing in the functional we get:

J =

∫ T

0

(−g cos(ϕ)− l(ϕ′)2)
1

2ϕ′ [(l sin(ϕ) cos(ϕ)(θ
′)2 − lϕ′′ − g sin(ϕ))]

+ l2 sin(ϕ)(θ′)(θ′ϕ′ cos(ϕ) +
1

2
sin(ϕ)θ′′dt. (16)

Making the change of variables:

ϕ = ϕ1, ϕ′
1 = ϕ2, ϕ′

2 = ϕ3

θ = θ1, θ′1 = θ2, θ′2 = θ3,

we get that J becomes

J =

∫ T

0

(−g cos(ϕ1)− l(ϕ2)
2)

1

2ϕ2
[(l sin(ϕ1) cos(ϕ1)(θ2)

2 − lϕ3 − g sin(ϕ1))]

+ l2 sin(ϕ1)(θ2)(θ2ϕ2 cos(ϕ1) +
1

2
sin(ϕ1)θ3dt, (17)

subject to

ϕ′
1 = ϕ2, ϕ′

2 = ϕ3

θ′1 = θ2, θ′2 = θ3.

As in (10) we get the new functional

J∗ =

∫ T

0

(−g cos(ϕ1)− l(ϕ2)
2)

1

2ϕ2
[(l sin(ϕ1) cos(ϕ1)(θ2)

2 − lϕ3 − g sin(ϕ1))]

+ l2 sin(ϕ1)(θ2)(θ2ϕ2 cos(ϕ1) +
1

2
sin(ϕ1)θ3 + λ1(ϕ2 − ϕ′

1)

+ λ2(ϕ3 − ϕ′
2) + λ3(θ2 − θ′1) + λ4(θ3 − θ′2).dt. (18)

From (11) the Hamiltonian is

H = (−g cos(ϕ1)− l(ϕ2)
2)

1

2ϕ2
[(l sin(ϕ1) cos(ϕ1)(θ2)

2 − lϕ3 − g sin(ϕ1))]

+ l2 sin(ϕ1)(θ2)(θ2ϕ2 cos(ϕ1) +
1

2
sin(ϕ1)θ3 + λ1ϕ1

+ λ2ϕ2 + λ3ϕ1 + λ4ϕ2. (19)

Optimal solutions of (17) are given by solutions of (14) and minimizing H with
respect to l. Replacing back the values of ϕ1, ϕ2, ϕ3, θ1, θ2, θ3:
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H = (−g cos(ϕ)− l(ϕ′)2)
1

2ϕ′ [(l sin(ϕ) cos(ϕ)(θ
′)2 − lϕ′′ − g sin(ϕ))]

+ l2 sin(ϕ)(θ′)(θ′ϕ′ cos(ϕ) +
1

2
sin(ϕ)θ′′

+ λ1ϕ+ λ2ϕ
′ + λ3ϕ+ λ4ϕ

′. (20)

Separating from H the terms that do not contain l, we only need to minimize
with respect to l the following:

H∗ = [sin(ϕ)θ′(θ′ϕ′ cos(ϕ) +
1

2
sin(ϕ)θ′′)− ϕ′

2
(sin(ϕ) cos(ϕ)(θ′)2 − ϕ′′)]l2

+ [
−g cos(ϕ)

2ϕ′ (sin(ϕ) cos(ϕ)θ2 − ϕ′′) +
g

2
ϕϕ′]l,

which can be written as:
H∗ = l(Cl +D),

where

C = sin(ϕ)θ′(θ′ϕ′ cos(ϕ) +
1

2
sin(ϕ)θ′′)− ϕ′

2
(sin(ϕ) cos(ϕ)(θ′)2 − ϕ′′)

and

D =
−g cos(ϕ)

2ϕ′ (sin(ϕ) cos(ϕ)θ2 − ϕ′′) +
g

2
ϕϕ′.

As in the two dimensional case, H∗ is a quadratic function of l, α ≤ l ≤ β,
α > 0, β > 0. Then for a strategy to minimize H∗ we consider: the positive or
negative values of C, in order to see if the parabola opens upward or downward;
the intersects of the parabola and the position of the vertex with respect to α and
β, in order to chose the value of l (Delgado et al., 2010).

4 A heuristic strategy

As we mention in the introduction, for a three-dimensional pendulum it is not
simple to propose a heuristic strategy because of the complexity of the equations.
On the other hand, as we saw in section 2, making θ = 0 in the governing equations
(2) and (5) results in the equation:

lθ′′ + 2l′θ′ + g sin(θ) = 0,

which is the governing equations of the two dimensional pendulum with variable
length. Then it seems is valid to think that for small values of θ, the planar heuristic
strategy could work for the three-dimensional case. Notice that the term 2l′ acts
like a friction factor when it is positive. This heuristic strategy consists in enlarging
its length (l′ > 0), it is when the mass of the pendulum reaches its maximum speed
(θ′ reach it’s maximum value), so we have the desired positive dumping term; and
reducing its length (l′ < 0) when it reaches its minimum speed (θ′ = 0).
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5 Numerical analysis

In this section we illustrate graphically the heuristic and the optimum
strategies using Matlab. We use the fourth order Runge Kutta method [3] to solve
the equation that controls the pendulum in the plane. The step size of the program
is h = 0.01. Figure 2 shows the energy of the pendulum and the angle ϕ as a
function of time t, when the length of the cord is constant. As initial conditions
we have: ϕ = 0.5, θ′ = 0.5 and l = 1. In this case, we can see that the energy is
constant.

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

oscillation angle
oscillation energy

Figure 2 - Energy and oscillation angle of a pendulum with length 1.

The following graphs show the effect of the heuristic strategy (Figure 3) and
the optimal strategy of Pontryagin (Figure 4) applied to the pendulum of Figure 2,
varying the length of the cord up to 20 percent (1 ≤ l ≤ 1.2). The results show
that the energy and the amplitude of oscillations decrease in time (the step size of
the program is h = 0.01).

The heuristic strategy seems to be less efficient than the optimal strategy,
since the energy decreases a bit slower for the first case. If we shorten h more, the
heuristic strategy and the optimum strategy approach each other as is shown in the
following graphs. Figures 5 and 6, implemented for h = 0.005, show the comparison
of both strategies.

If we shorten h more and more, it can be shown that the heuristic and optimal
strategies converge to each other until some time t0, where the energy of the
pendulum reaches its minimum value. Unlike the two dimensional case, we can
only decrease the energy of the pendulum up to a certain point t0. For t < t0 the
optimum control of Pontryagin turns out to be the heuristic control. Figures 7 and
8, implemented for a step size h = 0.001, show the convergence of both strategies.

The next three Figures (9, 10, 11) represent the angular oscillations
corresponding to both strategies in the same graph. They show how these strategies
almost converge to each other as the step size becomes smaller. However, the
heuristic strategy maintains small oscillations while the optimal strategy flattens
them out.
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Figure 3 - Energy and oscillation angle. Heuristic strategy.
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Figure 4 - Energy and oscillation angle. Optimal strategy.
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Figure 5 - Energy and oscillation angle. Heuristic strategy.
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Figure 6 - Energy and oscillation angle. Optimal strategy.
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Figure 7 - Energy and oscillation angle. Heuristic strategy.
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Figure 8 - Energy and oscillation angle. Optimal strategy.
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Figure 9 - Oscillation angle. Heuristic and optimal strategy.
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Figure 10 - Oscillation angle. Heuristic and optimal strategy.
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Figure 11 - Oscillation angle. Heuristic and optimal strategy.
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Finally, Figure 12 shows the optimal control of Pontryagin. We can see, as
it happened for the planar pendulum case, that the control function l takes only
the extreme values l = 1 and l = 1.2. When the mass of the pendulum reaches
its maximum speed, the control takes its maximum value; the control takes its
minimum value when the pendulum reaches its minimum speed.
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control

Figure 12 - Control for the optimum strategy.

Conclusions

As the conclusions of this paper we can mention:

1) Using Pontryagin’s principle, we found an optimal strategy to control the
pendulum’s spatial oscillation, by variations in the pendulum’s length. The
numerical computations show that this optimal strategy turns out to be a heuristic
strategy until some time t0, in which the pendulum reach its minimum energy. As
in the planar pendulum’s case, the control enlarges the length when the mass of
the pendulum reaches its maximum speed and reduce its length when it reaches its
minimum speed.

2) The optimal strategy of Pontryagin we found is given by a feedback control, that
is, it is not a control which depends directly of the time. The control with feedback
is more robust, because it can be adjusted to deviations or differences between
reality and mathematical model.

3) The optimal control is given by a bang-bang control (Jacobs, 1974)), that is, it
takes only it’s lower and upper bounds. The control function l only takes the values
l = α, l = β as the figures show (for our examples α = 1, β = 1.2 ).

4) Using the optimum strategy of Pontryagin, it is shown numerically that we can
decrease the energy of the pendulum up to a limit, i.e. we can only reduce the
oscillations, unlike the planar case, in which we could diminish the oscillations
arbitralily.
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Future work

The issues discussed in this paper have led us the following proposals for future
work:

a) Implement simulations to illustrate the effect of the optimal strategy of
Pontryagin for a pendulum in two and three dimensions.

b) Find new methods that allow us to completely stabilize the spatial pendulum,
these methods may consider moving the supporting point of the pendulum.

c) Apply Pontryagin’s Principle for more complicated systems, like the double
pendulum.

DELGADO, M.; PORTNOY, A. Controle de oscilações espaciais de um pêndulo por
variações em seu comprimento. Rev. Bras. Biom., São Paulo, v.29, n.4, p.611-627,
2011.

RESUMO: Um método eficaz para parar um pêndulo oscilações espaco por variações no

comprimento do pêndulo é encontrado. Isto é conseguido através da carcaça do problema

como um problema de controle ótimo. Equações que governam o pêndulo são deduzidas

e usando estas equações a energia de oscilação do pêndulo é encontrado. O problema

se torna um problema variacional com restrições, em que um funcional que representa

a energia de oscilação do pêndulo deve ser minimizado. Usando o prinćıpio Pontryagin,

as soluções ótimas são encontradas. Finalmente, a eficácia das estratégias encontradas

é ilustrada graficamente, comparações anaĺıticas e numéricas são feitas.

PALAVRAS-CHAVE: Pêndulo de comprimento variável; energia de oscilação; prinćıpio

de Pontryagin.
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