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ABSTRACT: In this paper we propose an accelerated life tests model with a log-

non-linear stress-response relationship. The adv antage of su ch a formu lation is that

the general framework accommodates sev eral stress-response relationships u su ally

considered in accelerated life tests, while it is fl ex ib le enou gh for fi tting the data that

cannot b e accommodatet b y a simple log-linear stress-response relationship. A Bay esian

approach with constant prior density is considered for interv al estimation b y u sing

L aplace’s method to fi nd the marginal posterior densities of interest. M odel comparation

is made throu gh Bay es factors. The methodology is illu strated in a nu merical ex ample.

K E Y W O RD S: Accelerated lifetime tests; Bay esian analy sis; ex ponential distrib u tion;

L aplace method; log-non-linear stress-response relationship.

1 Introduction

Accelerated life tests (AL T ) can b e p erform ed in en g in eerin g ap p lication s
b y testin g item s at h ig h er stress cov ariate lev els th an th e u su al w ork in g con d ition s.
S ev eral au th ors h av e b een w ork in g on AL T an d th ere is a larg e am ou n t of literatu re
on th is top ic. In terested read ers can refer to M an n , S ch aff er an d S in g p u rw alla
(1 9 7 4 ), Nelson (1 9 9 0 ) an d M eek er an d Escob ar (1 9 9 8 ), w h ich are th ree ex cellen t
sou rces for AL T .

A sim p le AL T scen ario can b e ch aracterized b y su b m ittin g k g rou p s of ni item s
each u n d er k con stan t an d fi x ed stress cov ariate lev els, X1, ...,Xk (h ereafter stress
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levels). The experiment ends after the occurence of a certain pre-fixed number
ri < ni of failures, ti1, ti2, ..., tiri

, at each stress level, characterizing a type II
censoring scheme (Lawless, 1982 ).

ALT models are composed of a probabilistic component, which is represented
by a lifetime distribution, such as exponential, W eibull, log-normal, log-logistic,
among others, and by a stress-response relationship (SRR), which relates the mean
lifetime (or a function of this parameter) with stress levels. Common SRRs are
the power law, Eyring and Arrhenius models, which are log-linear SRRs (Mann,
Schaffer and Singpurwalla, 1974). In practice, however, it is not uncommon to
find phenomena that cannot be accommodated by only a log-linear SRR. These
situations arise, in particular, when even the insertion of a small stress can induce
the immediate device failure (Nelson, 1990).

In this paper we propose an ALT with a log-non-linear SRR considering an
exponential distribution. The advantage of such formulation is that the general
framework accommodates several SRRs usually considered in ALTs, while it is
fl exible enough for fitting the data that cannot be accommodated by a simple
log-linear SRR. W e also show how B ayesian estimation procedures be adopted for
an ALT with a log-non-linear SRR as an alternative to the freq uentist method.
The advantage of this procedure is that it leads to a single algorithm for fitting
hazard-based models, and model comparation is easily made through Schwarz
criterion and/ or B ayes Factors. Due to the mathematical diffi culties involved in
the direct B ayesian estimation for parameters of the model, we use Laplace method
(Tierney and K adane, 1986 ) to find the marginal posterior densities of interest. In
Section 2 we formulate the ALT model with a log-non-linear SRR and briefl y discuss
maximum likelihhod estimation procedures. The B ayesian estimation procedure
and model comparation is detailed in Section 3 . The methodology is illustrated
with a data set in Section 4.

2 Model Formulation

Let T be the lifetime random variable with an exponential density

f(t, λi) = λi exp {−λit} , (1)

where λi > 0 is an unknown parameter representing the constant failure rate for
i = 1, ..., k (number of stress levels).

The likelihood function for λi, under the i-th stress level Xi is given by

Li(λi) =





ri
∏

j= 1

f(tij , λi)



 (S(tiri
, λi))

ni−ri = λri

i exp {−λiAi} , (2 )

where Ai =
∑ri

j= 1
tij + (ni − ri)tiri

denotes the total time in the test for the i-th
stress level.

Considering data under k random stress levels, the likelihood function for the
parameter vector λ = (λ1, λ2, ..., λk) is
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L(λ) =

k
∏

i=1

λri

i exp {−λiAi} . (3)

The log-non-linear SRR is defined as,

λi = exp(−β0 − β1X
β2

i ) (4)

where β0, β1 and β2 are unknown parameters such as -∞ < β0, β1, β2 < ∞, with
parameter β2 representing the log-non-linearity term.

SRR (4) has several models as particular cases. When β2 = 1 we have a
general log-linear SRR that accommodates the most common log-linear SRR used in
reliability (Achcar and Louzada-Neto, 1992). Among others, we have the Arrehius
model for β2 = 1 and Xi = 1/ V i, β0=−α1 and β1 = α2, where V i denotes a
level of the temperature variable. The power model is obtained for β2 = 1 and
Xi = −lo g (V i), β0 = lo g (α) and β1 = α2, where V i denotes a level of the voltage
variable (Nelson, 1990). Model (4) also allows an extra variability in the fitting.
From the practical point of view, this means that it allows a more intense decrease
or increase in the failure rate with small changes in covariate levels, which could be
valuable for studies envolving very sensitive devices.

The likelihood function for β0, β1 and β2 follows from (3) and (4) and is given
by,

L(β0, β1, β2) =

k
∏

i=1

{exp(−β0 − β1V
β2

i )ri exp(− exp(−β0 − β1V
β2

i )Ai)}. (5 )

The maximum likelihood estimates (MLEs) of β0, β1 and β2 can be obtained
by direct maximization of (5 ) or by solving the system of nonlinear equations,
∂ log L/ ∂ϕ = 0, where ϕ′ = (β0, β1, β2). Obtaining the score function is
conceptually simple and the expressions are not given explicitly.

Large-sample inference for the parameters can be based on MLEs and their
estimated variances obtained by inverting the expected information matrix. For
small or moderate-sized samples, however, confidence intervals for the parameters
are probably best obtained using their profile log likelihoods, once large-sample
approximations for likelihood ratio statistics are generally more reliable than
those for MLEs. In order to avoid dependence on asymptotics approximations
we can apply simulation approaches, such as the parametric bootstrap (Davison
and H inkley, 1997). As the methods involved are standard, we turn to Bayesian
inference.

3 Bayesian estimation procedure

Define ϕ = (β0, β1, β2) as the parameter vector in the model which will be
fitted. From the Bayesian point of view if there is lack of prior information about
the parameters, a possibility is to assume a constant prior density for them with
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support over the real line (Box and Tiao, 1973). In this case, the joint posterior
density π(ϕ/da ta ) is (5), apart from the normalizing constant. This procedure
has the advantage of promoting a direct comparison between the frequentist and
Bayesian approaches. The latter is briefly considered in the numerical example
section.

Inferences about the parameters can be based on their marginal posterior
densities, which can be obtained by integrating the joint posterior density. In
our case it is not possible to obtain analytical solutions for the integrals. In
order to solve this problem different existing strategies can be used. Particularly,
numerical techniques that ranges from Simpson’s rule to Monte Carlo-type and
Gibbs sampling approaches (Naylor and Smith, 1982 and Gelfand and Smith, 1990)
or approximation methods for integrals (Tierney and Kadane, 1986). The choice
of the best strategy depends on the computational cost and the accuracy of the
obtained results. We shall consider Laplace method for approximating integrals
(Tierney and Kadane, 1986; Kass, Tierney and Kadane, 1990), which is a rather
non-intensive computational procedure. As we will see in the numerical example
section, this method has good accuracy in our application.

For instance, assume we are interested in inference about, say β2, but their
others parameters or functions could be considered. Using Laplace method to
approximate the integrals in the marginal posterior density for β2 (Tierney and
Kadane, 1986; Kass, Tierney and Kadane, 1990), the approximate marginal
posterior density for β2 is

π(β2/da ta ) ∝ (2π)d/2
∣

∣D∗

−r

∣

∣

−1/2

π(ϕ∗/da ta ), (6)

where d is the dimension of ϕ, ϕ∗ = (β̂0, β̂1, β2) are MLEs of (β0, β1) with β2

held fixed and D∗

−r is the determinant of the Hessian matrix of minus the joint
posterior density of ϕ. The marginal posterior density (6) must be renormalized
and evaluated over a grid of values of β2.

When we have prior knowledge about the parameters, represented by density
π(ϕ), it can be incorporated into the analysis by multipling π(ϕ) by (5). Trivial
changes are necessary in (6).

Laplace method may lose accuracy if the parameter vector is high-dimensional
(Tierney and Kadane, 1986; Kass, Tierney and Kadane, 1990), which is not our
case. Further, in reliability, experiments with a reduced number of covariates are
common. Besides, if the posterior density is seriously multi-modal, Laplace method
may fail, but we have not found this a problem in any of the examples to which we
have applied the approximation.

Models can be compared using the Schwarz criterion and/or Bayes factors
(Kass and Raftery, 1995). Defining ϕ1 and ϕ2 as the parameter vector under two
different models, say model 1 and model 2, respectively, the Schwarz criterion is

log L(ϕ̂1) − log L(ϕ̂2) −
1

2
(d1 − d2) log n, (7)

where ϕ̂1 and ϕ̂2 are MLEs under the two models, and d1 and d2 are the dimensions
of ϕ1 and ϕ2, respectively. The Schwarz criterion can be viewed as a rough
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approximation to the logarithm of the Bayes factors (Kass and Raftery, 1995).
According to the rough classification in Section 3.2 of Kass and Raftery paper,
Bayes factors between 1 and 3 give no evidence, between 3 and 20 positive evidence,
between 20 and 150 strong evidence, and bigger than 150 very strong evidence
against model 1.

This comparison is crude, but more detailed calculations will depend on the
choice of prior, which may be specified if genuine prior information about the
parameters is available. Prior specification is, however, out of the scope of this
paper. As follows, the advantage of this comparison procedure is that it can
be applied straightforwardly as a Bayesian comparison procedure for scientific
reporting.

4 A numerical example

As a numerical example, consider a generate dataset on an ALT performed
at three levels of stress, X = (1, 1/2, 1/3), with 30 non-censored items at each level.
We assume the exponential distribution (1) for the lifetimes with SRR (4), with
parameter values β0 = 2, β1 = 9 and β2 = 3.

Figure 1 shows the approximate marginal posterior densities for β0, β1 and β2

using Laplace method (6) and assuming a constant prior density for the parameters
over the real line. The posterior modes of β0, β1 and β2 are −1.98, 8.51 and 3.04,
and their 90% highest posterior density confidence intervals are (−2.19,−1.77),
(7.79, 9.36) and (2.32, 6.04), respectively.
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FIGURE 1 - Approximate marginal posterior densities for β0, β1 and β2.

The Schwarz criterion (7) for comparison of the two models (exponential with
log-linear SRR and log– non-linear SRR) is 37.9, which according to the rough
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classification in Section 3.2 of Kass and Raftery (1995) is ‘very strong’ evidence
in favour of the full model.

For a limited comparison of the Bayesian results with the frequentist ones, we
obtained the bootstrap percentile confidence intervals for the parameters generating
R = 999 datasets from the exponential model with a log-non-linear SSR with the
parameters substituted by their MLEs and recorded the MLEs of β0, β1 and β2.
For β2 we obtained the ordened set β̂∗

2,1 < β̂∗

2,2 < ... < β̂∗

2,R, and used β̂∗

2,(R+ 1)(a /2)

and β̂∗

2,(R+ 1)(1−a /2) as the lower and upper limits of the 100(1 − a)% confidence

interval for β2 (Davison and Hinkley, 1997). The same procedure was applied
for obtaining the percentile confidence intervals for β0 and β1. The bootstrap
percentile confidence intervals for β0, β1 and β2 are (−2.32,−1.81), (8.04, 9.46)
and (2.48, 5.72), respectively. Interested readers can ask the authors for the R code
developed for analysis.
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RESUMO: Neste trabalho consideramos um modelo de teste de sobrevivência acelerado

com uma relação estresse-resposta log-não-linear. Esta formulação permite acomodar

div ersas relações estresse resposta usuais em testes de sob rev iv ência acelerado inclusiv e

formas log-não-linear. C onsideramos uma aprox imação B ay esiana com priori constante

para ob tenção da estimação interv alar utilizando o método de L aplace para encontrarmos

as densidades marginais a posteriori de interesse. A presentamos a comparação dos

modelos log-não-linear e log-linear utilizando o fator de B ay es e ilustramos a metodologia

com um ex emplo numérico.

P A L A V R A S -C H A V E: T estes de sob rev iência acelerados; análise B ay esiana; distrib uição

ex ponencial, método de L aplace; relação estresse log-não-linear.
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